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Abstract. We consider a complex Ginzburg-Landau equation on WL N , corresponding to a 
Gross-Pitaevskii equation with a small dissipation term. We study an asymptotic regime for 
long- wave perturbations of constant maps of modulus one. We show that such solutions never 
vanish on and we derive a damped wave dynamics for the perturbation. Our results are 
obtained in the same spirit as those by Bethuel, Danchin and Smets for the Gross-Pitaevskii 
equation [2]. 

1. Introduction 
We consider a complex Ginzburg-Landau equation 

dt* = (k + i)[A¥ + ^(1-|^| 2 )], (C) 
where* = V(t,x) : R + xR N -> C, with N > 1, is a complex- valued map and where < k < 1 . 



Equation (JCJ) admits elementary non-vanishing solutions, which are given by all constant 
maps of modulus equal to one. The aim of this paper is to study the dynamics for ([C]) near 
such states. We focus on a regime in which the solutions ^ do not vanish on R , so that we 
may write them into the form 

* = r exp(i(j>). 

Secondly, we assume that (r 2 ,V0) is a long-wave perturbation of (1,0). More precisely, we 
introduce a small parameter e > and we define (r 2 , Vcj)) through the change of variables 



r 2 (t, x) = 1 -| =a £ (et, ex) 

V2 (1.1) 

2Vcf)(t,x) = eu £ (et,ex), 



where (a E ,u e ) belongs to C(R+, H s+1 x H s ), with s > 2, and satisfies suitable bounds. 

Our objective is two-fold. First, to define (a e ,u £ ) we wish to determine how long a solution 
initially given by (ll.ip does not vanish on M. N . Our second purpose is to investigate the 
dynamics of (a e ,u £ ) when s vanishes and k is small. This asymptotic dynamics depends on 
the balance between the amount k of dissipation in Eq. ([C]) and the size e of the perturbation; 
to characterize this balance we introduce the ratio 

V £ = -■ 

e 

According to ([C]) we obtain the equations for the perturbation (a £ , u £ ) 

I d t a £ + \/2divu £ + 2v £ - KeAa £ = i £ (a £ ,u £ ) ^ 
I d t u £ + V2Va £ - keAu £ = g £ (a £ ,u £ ), 
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where f £ and g £ are given by 

' / I u I ^ \ 
f £ (a £ ,tt £ ) = \/2k( - 2\Vp a \ 2 - pl—^ a £ I - ediv(a £ -u £ ) 



with 



/Vp Z \ Ap a ( 1-3 ) 

g £ (a £ , u £ ) = keV — ^ • u £ + 2eV - eu £ • Vu £ , 

V Pa / Pa 

Pa(M) = 1 + ;4=a £ (M)- 

Our first result establishes that if the initial perturbation is not too large, the solution ^ 
never exhibits a zero so that (jl.ip does hold for all time. 

Theorem 1.1. Let s be an integer such that s > 1 + N/2. There exist positive numbers 
Ki(s,N), K2(s,N) andO < kq(s,N) < 1, depending only on s and N , satisfying the following 
property. 

LetO < k< k (s,N). ForO < e < 1, let (a° e ,p° £ ) £ H S+1 (R N ) 2 such that 
M := ||(a £ V £ °)||^ +e\\aU H ^ + ll^ll^ < ^ ^ 



K x {s,N) 
where u® = 2V</J £ . 

Then Eq. (|1.2[) - (jl.3[) has a unique global solution (a £ ,u £ ) in C(R+, H s+l x H s ) such that 
(a £ ,u £ )(0) = (a £ ,u £ ). Moreover 

\\{a e ,u e )\\ L ^ {H s ) +e||a e || i oo( ff »+i) < K 2 {s,N)M . 

Finally, if ^ denotes the corresponding solution to Eq. ([C|), we have for all t > 

lll^mi 2 - ill <-. 

IM wl lira 2 

Remark 1.1. Fixing k = kq and e = Sq, Theorem \l.l\ entails that for initial data 

%°{x) = (l + a°(x)) 1/2 exp(^°(x)), 

with ||(a ,y>°)||#a+i < C, where C only depends on s and N, the corresponding solution^ ^ 
to Eq. ((C|) remains bounded and bounded away from zero for all time. 

Remark 1.2. For all < e < Eq and < k < kq satisfying e < k, so that v e > 1, Theorem 
11.11 allows to handle initial data 

( £ \ 1/2 

= \\ + -j=a°(ex)j exp(iip°(ex)), (1.4) 

where (a , if ) G H S+1 (R N ) 2 does not depend on e, so that Mq is constant, and where Mq is 
smaller than a number depending only on s and N . 

Once the question of existence for (a £ ,u e ) has been settled, our next task is to determine 
a simplified system of equations to describe its asymptotic dynamics. From now on we focus 
on a regime with low dissipation, namely we further assume that 

k = k(e) and lim k(e) = 0. 



1 Given by Theorem 13.11 below. 
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In view of fjl .3[> . this is a natural ansatz in order to treat the second members f £ and g e as 
perturbations in the limit e — > 0. Eq. (11.2p then formally reduces to a damped wave equation 



dta + v^divu + 2u £ a = 
d t u + V2Va = 0, 



with propagation speed equal to v2 and damping coefficient equal to 2v e . 

As a consequence of Theorem 11.11 we can compare the solution (a e ,u e ) to the one of the 
linear damped wave equation (|1.5p with loss of three derivatives. 

Theorem 1.2. Let s be an integer such that s > 1 + N/2. Let (a°,<^°) € iP+^R^) 2 satisfy 
the assumptions of Theorem Let u £ = 2V</?°. 

We denote by {at,ug) £ C(R+,-£P +1 x iJ s ) t/ie solution of Eq. (|1.5p wii/i initial datum 

(4,4)- 

There exists a constant Ks(s,N) depending only on s and N such that for allt>0 
\\{a £ -a e ,u £ -u e )(t)\\ H s-2 < K 3 (s,iV)(eKt) 1 / 2 max(l^- 1 )(M 2 + Mo), 
where Mq is defined in Theorem \l.l\ 



In particular, for initial data given by (jl .4h . the approximation by the damped wave equa- 
tion is optimal when k and e are comparable. Moreover, Theorem 1 1 . 2 1 yields a correct approx- 
imation up to times of order C{ke)~ 1 . In order to handle larger times, it is helpful to take 
into account the linear parabolic terms in (|l,2p : 

{dta + v2divu + 2v F a — keAo = . 
V (1-6) 
d t u + V2Va - keAu = 0. 

Our next result presents uniform in time comparison estimates with the solution of Eq. (jl.6j) 
for high order derivatives. 

Theorem 1.3. Let s be an integer such that s > 1 + N/2. Let (a°,</?°) € H S+1 (R N ) 2 satisfy 
the assumptions of Theorem \l.l\ 

We denote by (a£,ui) £ C(R+, H s+1 x H s ) the solution of Eq. (jl.6p wt/t initial datum 
(«). 

There exists a constant K±(s,N) depending only on s and N such that 

• || (a e - a£,u e - 7^)1^00(^-2) < K4(s,N) (/cmax(l, z^r 1 ) 2 ^", 2 + emax(l, fJ^Mo) , 

• || (a s - a£,u £ - loo < K4(s,N) ^max(l,^ 1 )(max(K,e) + v~ 1 )Mq + v~ l M^, 

• || (a e - a £ ,u e - ^)||loo(^) < K A (s,N) Uv' 1 max(l,y £ _1 ) + k~ 1 )Mq + k _1 M 



Finally, for all t > 

|(o e - a^,u e - u<)(t)|| H .-a < K 4 (s, iV)M) 1/2 (max(l, z^Af 2 + u^Mq) , 
|(o e - a £ ,n e - u t ){fy\\ H .-i < ii" 4 (s,iV)(eK- 1 t) 1/2 Mo. 

We come back to initial data given by (jl.4p . Since k _1 diverges when e — > 0, Theorem 
11.31 does not provide a correct approximation for s-order derivatives. However, Eq. (jl.6p 
yields a satisfactory large in time approximation for the derivatives of order s — 1 if v~ 
vanishes with e. In fact, the corresponding comparison estimate is optimal whenever k and 
y/e are proportional. This is due to the fact that the regularizing properties of the parabolic 
contributions in (jl.6p become less efficient when k is small. On the other hand, as in Theorem 
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11.21 the global in time comparison estimates involving the lower (s — 2)-order derivatives are 
more efficient when k and e are proportional. 

The complex Ginzburg-Landau equations are widely used in the physical literature as a 
model for various phenomena such as superfluidity, Bose-Einstein condensation or supercon- 
ductivity, see [TJ. In the specific form considered here, Eq. ([C]) corresponds to a dissipative 
extension of the purely dispersive Gross-Pitaevskii equation 

d t ^ = i[A^ + ^(l-\^\ 2 )]. (GP) 

A similar asymptotic regime for (|GP|) has been recently investigated by Bethuel, Danchin and 
Smets [2]. The analysis of [2] exhibits a lower bound for the first time T e where the solution 
vanishes and shows that (a £ , u e ) essentially behaves according to the free wave equation [v e = 
0), or to a similar version, until then. 

In the two-dimensional case N = 2, there exists a formal analogy between Eq. ([C]) and 
the Landau-Lifschitz-Gilbert equation for sphere-valued magnetizations in three-dimensional 
ferromagnetics, see [31 [7]. We mention that a thin-film regime leading to a damped wave 
dynamics for the in-plane components of the magnetization has been studied by Capella, 
Melcher and Otto [3]. 

Finally, still in the two-dimensional case N = 2, Eq. ([C]) presents another remarkable 
regime in which the solutions exhibit zeros (vortices). This regime has been investigated by 
Kurtzke, Melcher, Moser and Spirn [6] and the author [9] when k is proportional to | lne| _1 . 
In this setting, Eq. ([C]) is considered under the form 

d t V e = (« + i)[A* e + 1* 6 (1 - |* £ | 2 )], (C £ ) 
which is obtained from the original equation via the parabolic scaling 

%(t,x) = ^(-^,fj. (1.7) 

A natural extension of the results in [6l [9] would consist in allowing for superpositions of 
vortices and oscillating phases in the initial data. This difficult issue was a strong motivation 
to analyze the behavior of the phase in the regime (jl.ip . excluding vortices, as a first attempt 
to tackle the general situation where it is coupled with vortices. 



2. General strategy 



We now present our approach for proving Theorems II. 1\ 11.21 and II. 3\ which will be partly 
borrowed from the analysis in [2] for the Gross-Pitaevskii equation. 

First, we handle Eq. ([C]) in its parabolic scaling (|1.7p yielding Eq. QC £ p . We define the 
variables 

b £ (t,x) = a e 0, 
v £ (t,x) = u £ ( ~,x 



so that in the regime (|l.ip we have 

^ £ (t,x) = p e (t,x)exp(iip e (t,x)) on R + x R N , 



(2.1) 
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where 



y I {2.2) 

2V(f £ (t,x) = ev e (t,x). 



The system for (b £ ,v £ ) translates into 



d t b £ + — divv £ + — b £ - KAb £ = f £ (b £ ,v £ ) 
d t v £ H Vb £ - kAv £ = g £ (b £ ,v £ ), 



(2.3) 



where 



' f £ (b £ ,v £ ) = V2u £ (-2|Vp £ | 2 - p 2 }^- - bl \ - div(b £ v £ 



~g £ (b £ , v £ ) = kV[^- v £ ) + 2V f ^ \-v £ - Vv. 



P 2 £ I V P 



(2.4) 



For a map VI/ 6 -ffio C , the Ginzburg-Landau energy of ^ is defined by 

and £ denotes the corresponding space of finite energy fields. For the Gross-Pitaevskii equation 
the Ginzburg-Landau energy is an Hamiltonian, whereas for solutions to Eq. QC £ D it decreases 
in time. Note that, in the regime (|2,ip - (|2.2p . the solution ^> £ belongs to £ since (b £ ,v £ ) £ 
H 1 x L 2 . In fact, one has 

E £ (* £ )^C(\\(b £ ,v £ )\\l 2 +e 2 \\Vb £ \\ 2 L2 ) 
provided that Hl^el — 1 ||oo < 1- 

Our first issue is to solve the Cauchy problem for QC £ D so that (b £ ,v £ ) being defined by 
(I2.2p . as long as *& £ does not vanish, does belong to C(H S+1 x H s ). As mentioned, the initial 
field ^ £ has finite Ginzburg-Landau energy. In [4] (see also [5]) it has been shown that 

£ C W + tf 1 ^). 

Here the space W, which will be defined in Section [3] below, contains in particular all constant 
maps of modulus one. It is therefore natural to determine the solution \P e in C(W + H s+1 ). 
This is done in Section [3j 

In Theorems 11.11 [L~2l and [L~3l one assumes that ||^||oo is bounded in such a way that |^ £ | is 
bounded and bounded away from zero. More precisely, the constant K\{s, N) can be adjusted 
so that 

c{s,N)^\\bl\\ H s < 1 -. (2.5) 

Here the constant c(s,N) corresponds to the Sobolev embedding H s (^l N ) C L°°(R") for 
s > N/2. Hence (USD guarantees that |||*°| 2 - l||oo < 1/2. 

As long as inf R jv |* e (t)| > 0, one may define (b £ ,v £ )(t) explicitely as a function of ^ £ (t). In 
fact, to prove that \E' £ and (b £ ,v £ ) are globally defined, and to establish Theorems 11.21 and 11.31 
it suffices to show that \\(b £ , v £ )\\ H s+i xH s remains bounded. Moreover, to obtain the bound 
IH^^i)! 2 — 1 ||oo < 1/2, it suffices to show that (|2.5p holds as long as b £ is defined. 

Due to the presence of higher order derivatives in the right-hand sides in (|2 . 3[) , controlling 
\\(b £ ,v £ )\\ H s+i xH a is however a difficult issue. As in [2], this control will be carried out by 



iVln(p 2 )=V(2<^-zln(p £ 2 )) € C^. 
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incorporating the equation satisfied by Vln(p 2 ). More precisely, we focus on the new variable 
(b e ,z e ), where 

z £ = v £ - z> 

We remark that (b £ , z £ ) is well-suited to our analysis since 

E e(^e) = g (\\b £ \\ 2 L 2 + \\ z e\\ 2 L 2 {{1+£b/v -„; r] 

Moreover, there exists a constant C = C(s, N) such tha10 

C- l \\(b £ ,z £ )\\ H s < \\(b £ ,v £ )\\ H s +e\\b £ \\ Hs+1 < C\\(b £ ,z £ )\\ H s. 

From now on we will sometimes omit the subscript e for more clarity in the notations. 
The equations for (b, z) are given in the following 
Proposition 2.1. Let s > 2, Tq > and ^ be a solution to (UJ) on [0, Tq] satisfying 

inf \^f(t,x)\ > m > 

(t,x)€[0,T ]xM. N 

and such that (b,v) £ C^flO, T ], H s+1 x H s ). TTierH 

d t b + — divRez = J - (— + 6)div(Imz) - i(— + &)Re(z, *) 

- ^C^ + b)b) -div(6Rez) 

a t z + — Vb = (« + i)Az + ~ 1 + K V (z, z) + K—i\7b. 

Dealing with (6, z) instead of (6, i>) presents many advantages when computing energy 
estimates. Indeed, in contrast with System (j2.3|) for (b,v), the equations for (b,z) involve 
only non linear first-order quadratic terms and a linear second-order operator (k + i)Az. This 
is due to the identity 

^ = -(1 + ^)^, 

which enables to save one derivative. 

For the Gross-Pitaevskii equation (|GPp , the energy estimates performed in [2] for (6, z) 
involve a family of semi-norms with a suitable weight 

T k (b,z):= [ \D k b\ 2 + [ (l + J^b)\D k z\ 2 , k = 0,...,s. 

In particular, we have the remarkable identity 

r°(&,*) = 8£ e (¥), 

which in fact was the principal motivation to add the imaginary part of z. Moreover we 
remark that F k (b,z) and || (D k b, D k z)\\ 2 L2 are comparable as long as |\&| is close to one. 

For the complex Ginzburg-Landau equation ( |C £ D we will partly rely on the estimates already 
stated in [2] to establish the following 



2 See (|5.4j) below. 

JV 

3 Here {z, z) = zf , where z — (zi, ... , zn) € 
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Proposition 2.2. Let s > N/2 and To > 0. Let ^ be a solution to QC £ D on [0, To] such that 

lll^l 2 _ M\l°°([0,To]xM n ) < 2 

and suc/i £/ia£ (6, z) G C 1 ([0, To], ff s+1 ). There exists a constant K = K(s,N) depending only 
on s and N such that for 1 < k < s and t G [0, To] 

j t (r k (b,z) + E e (*)) + f (r* +1 (M + ^r*(6,o)) 

< K^HfelU + K\\(b,z)\\l + [|(£)6, J D«)[| 0O )(r*(6,«) + £; e (*)). 

We further assume that s > 1 + N/2. Combining Proposition 12.21 and Sobolev embedding 
we readily find 

||(M)(i)||2r. <C||(M)(0)||ir. + C( e ) t \\(b,z)(r)f H s dr. 



This provides a first control of the norm ||(6, z)(i)||.ff s up to times of order C(e) _1 || (6, z)(0)||^ • 
However, we need to refine this control since C(e) diverges as e tends to zero. In fact, one 
may also apply Cauchy-Schwarz inequality and Sobolev imbedding together with Proposition 
12.21 to infer an estimate for z)IUf (if s ) m terms of the norms z)\\ L 2^ H s^ and ||b||£2( itx >-). 

Proposition 2.3. Under the assumptions of Proposition PP?l we assume moreover that s > 
1 + N/2. There exists a constant K = K(s,N) depending only on s and N such that for 
[0,T ] 

^- 1 ||(6,«)IU r( H. ) <||(6,z)(0)||H. 

+ v s \\(b,z)\\ L 2 iHs) \\b\\ L 2 {L!X , ) + (K||(M)|Uoo (jff .) + l)\\(b,z)\\ 2 L 2 {H3) 

and 

K- 1 K\\(Db,Dz)\\^ {Ha) <\\(b,z)m\h 

+ \\(b,z)\\ L? o(Hs)(^s\\(b,z)\\ L 2 {H s ) \\b\\ L 2 iLX>) + {K\\(b,z)\\ L f>(H») + ^IKM)!^^-,). 

In the second step of the proofs, we will exploit the decreasing properties of the semi- 
group operator associated to System (12. 3j) to derive estimates for the norms \\(b, z)\\l2(h s ) 
and || (z, 00 ) m terms of ||(6, ^)||l°°(H s )- These estimates are summarized in the following 

Proposition 2.4. Under the assumptions of Proposition \2.3\ there exists a constant K = 
K(s,N) depending only on s and N such that for t G [0,To] 

A^IKMII^.) < K 1 / 2 max(l,^ 1 )M 

-K ^|| (fo, ^)||^ C ^)) || ^)||^ ?( ^ s) (^ 1/2 || (^>, ^)ll^ ?( ^) -K -K ^- 1 )||(fo, ^)N^(^)) 

and 

ir^ll&H^) < {ey- l ) 1,2 M 

+ (1 + e||(6,z)|| i oo (HS) )||(6,z)|| i 2 (Hs) emax(l,i/ E ~ 1 )||(6,z)|| L oo ( ^ s) , 
where Mq is defined in Theorem \l.l\ 



Combining Propositions 12.31 and 12.41 yields an improved estimate for ||(6, z)\\ L c X ,^ H s^ which, 
in turn, leads to Theorems II. 1\ 11.21 and 11.31 



The remainder of this work is organized in the following way. In Section [3] we study the 
Cauchy problem for (C^) and prove local well-posedness for (b,z). Propositions 12. l l 12.21 and 
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are established in Section [U Section [5] is devoted to the proof of Proposition 12.41 by means 
of a Fourier analysis. We finally turn to the proof of Theorems 11.11 and 11.31 in Section [H We 
omit the proof of Theorem 11.21 which can be obtained with some minor modifications. At 
some places, we will rely on helpful estimates that are recalled or established in the appendix. 

3. The Cauchy problem for the complex Ginzburg-Landau equation 



In this section, we address the Cauchy problem for ( Cg I in a space including the fields 
$r = (i + a )i/2 exp(iip), where (a,<p) G H S+1 (R N ) 2 and s + 1 > N/2. We consider the set 

W = {C/£r(R Ar ), VJ7 G H°°(M. N ) and 1 - \U\ 2 G L 2 (R N )} . 

Applying a standard fixed point argument (see, e.g., the proof of Theorem 1 in [9j) and 
using the Sobolev embedding H s+1 C L°° if s + 1 > N/2, it can be shown the following 

Theorem 3.1. Let s + 1 > N/2 and U G W. For any u G H S+1 (R N ) there exists T* = 
T(Uo,ojo) > and a unique maximal solution 

* G {U } + C{[0,T*),H s+1 (R N )) 

to Eq. ([Cg such that <J(0) = U + u . 

The Ginzburg-Landau energy of \P is finite and satisfies 

E e (*(t)) < S B (*(0)), ViG[0,r*). 

Moreover, there exists a number C depending only on E £ {^>{Q)) such that 

||*(t) - ^(0)11^^) < Cexp(Ct), Vt G [0,T*). 

Finally, either T* = +oo or limsup ||V^ / (t)||//s = +oo. 

We recall that £ denotes the space of finite energy fields. Thanks to the already mentioned 
inclusion (see [4]) 

£ C W + H 1 (R N ), 

a consequence of Theorem 13.11 is the 

Corollary 3.1. Let s + 1 > N/2. Let (a°,ip°) G H S+1 (R N ) 2 . We assume that 



£ 



75""° IU < L 

There exists Tq > and a unique solution (b,v) G C([0, To], H s+1 x to System (12. 3D 
initial datum (a°,u° = 2V</?°). Moreover, there exists (p G C([0, To], -ff^c) suc/t u = 2V<y?. 

Proof. Set 

^°(x) = (l + -|a (x)) 1/2 exp(^ (x)). 

By assumption on (a°,ip°), belongs to £ and 

|||^°| 2 - l||oo < 1. (3.1) 

Since £ C W+H 1 (R N ), we have ^° G {U } + H 1 (R N ) for some f/ G W. Using the embedding 
H S+1 (R N ) C L 00 ^), we check that 

||V^ ||^<C7(l + ||(a , U )||^ +lxHs )- 

This shows that actually \I /0 G {Uq} + H s+l (R N ). Hence, by virtue of Theorem 13.11 there 
exists T* > and a unique maximal solution ^ G {Uo} + C([0, T*), H s+1 ) to flC £ | ) such that 
<f(0) = *°. 
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Next, thanks to (JH]) and to the inclusion H S+1 (R N ) C L°°(R N ), there exists by time 
continuity a non trivial interval [0,Tq] C [0, T*) for which 

inf \$f(t, x)\ > m > 0. 

(t,a;)£[0,To]xf*' 

Consequently, we may find a lifting for ^ on [0, To] : 

ty(t,x) = (l + -^—b(t, x)) 1 ^ 2 ex-p(iip(t,x)), where (p G L 2 oc . 
V2 

Setting then v = 2V</?, we determine b and w in a unique way through the identities 

6=1_(|^| 2 _1) and w = — -(ifxW). 

£ \*S>\ 2 

In view of the regularity of ^ we have (b, v) G C([0, To], H s+l x i5P). In addition, (b,v) is a 
solution to System (|2 . 3[) on [0, To], and the conclusion follows. □ 

4. Proofs of Propositions 12.11 12.21 and 12.31 

4.1. Notations. We use this paragraph to fix some notations. The notation a ■ b denotes the 
standard scalar product on M. N or M. 2N , which we extend to complex vectors by setting 

z • C = (Res, Imz) • (ReC, ImC) G R, Vz, (gC^. 
We define the complex product of z = (zi, ■ ■ ■ , zat) and ( = . . . , Cat) G C w by 

TV 

(Z,C> =X) Z J<3" €<C - 

i=i 

Therefore when z = a + ib G and £ = x + iy G with a, b,x,y G l w we have 
(z, C) = a ■ x — b ■ y + i(a ■ y + b ■ x) and z-C = a- x + b-y. 

With the same notations as above we finally introduce 

Vz = Va + iVbeC NxN 

and 

Vz : V( = Va : Vx + Vb : Vy G R, 
where for A,B £ R NxN we have set A : S = tr(A*.B). 



4.2. Proof of Proposition 12.11 Since = pexp(iip) is a solution to (C^), we have, with 
v = 2V(£, 

ftp 2 /A/9 |v | 2 1 - p 2 \ div(p 2 v) 

ZK I — - h 



p 2 \ p 4 e 2 y p 2 

„, , /A/9 M 2 l-p 2 \ div(p 2 u) 
ft (2^) = 2 ( -i! - LL + + K^f^ 



p 4 y p 

Taking the gradient in both equations we obtain 
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Since dtz = dfV — iV^-, we have 

8 t z = (1 - ™)2V^ - (1 - k»)V^£ + 2(1 - K i)V^—^- + (k + i)V dW ^ V ^ 
p 2 p z 

Next, expanding 

Ap \Vp\ 2 



Alnp- 

P P 2 



we obtain 



2V— = VAlnp 2 + 2V|Vln / o| 2 = -Almz + -Vllmd 2 . 
p 2 



On the other hand, since v is a gradient we have 

V dlV ^ ^ = Vdivw + V(v • = ARez - v(lmz • . 

Finally, using the fact that 



e 



we are led to the equation for z 



1 — Kl \/2 
d t z = {k + i)Az — X7(z, z) - — (1 - ni)Vb. 



We next turn to the equation for b, recalling that p 2 verifies 

dtp 2 = k (2pAp - p 2 ^ + 2 p2{l - p2) ^ - div( A). 



Expanding the expression 



we find 



2 2 

2pAp = p 2 A In p 2 + ^-|Imz| 2 = — p 2 divlmz + ^-|Ini2:| 2 , 



1 (1 + — b) — 
d tP 2 = «(-(! + ^=6)divlmz - i(l + ^=b)Re{z, z) - 2 A 



y/2 2 V ^2 £ 

-div((l + -^=6)Rez), 

as we wanted. □ 

4.3. Proof of Proposition 12.21 We present now the proof of Proposition 12.21 In all this 
paragraph, C stands for a number depending only on s and N, which possibly changes from 
a line to another. We will make use of the identity 

^=Vb = -(l + ^=b)lmz. (4.1) 

As we want to rely on the estimates already performed for the Gross-Pitaevskii equation 
in [2], it is convenient to write the equations for (b, z) as follows 

(d t b = nf d (b,z) + f a (b,z) 
| d t z = Kg d (b,z) + g s (b, z), 
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where we have introduced the dissipative part 

'fd(b, z) = -(^ + 6)div(Imz) - + b)Re(z, z )-^(^ + 6)6, 



e ■ 2 V e 

g d (b, z) = Az + % -V{z, z) + »^V6 



e e 



and the dispersive part 



/ s (6,z) = -div((^ + 6)Rez), 
g s (6, z) = iAz - -V(z, z) V6. 



Let k S N* . We compute 

— r fc (6, z) = 4- I (1 + -^=b)D k z • D fc 2 + D*6D*6 

= 2 / (1 + ^=b)D k z ■ D k d t z + D k bD k d t b + / ^-D k z ■ D 



is + h, 



where 



and 



I a = 2 f (1 + ^=b)D k z ■ D k g s + D k bD k f s + / ^IZ) fc z • 
Jr'v V2 Jrn a/2 



K-i/d = 2 f (1 + ^=b)D k z ■ D k g d + D k bD k f d + / ^L> fc z • D fc z. 
Jr^ V2 Jrjv V2 

To estimate the first term I s we invoke Proposition 1 in [2] : 

\I 8 \<C(l + e\\b\\ 0O )\\(Db,Dz)\\ LO o (T k (b,z) + E E (* £ )) , 
so we only need to estimate the term I d . Inserting the expressions of f d and g d we find 

Id = k{2I + 2J + K), 



where 



I=\ (1 + 4=6) (-0*2 • D k Az + -D k z • iD k V{z, z) + —D k z ■ iD k Vb 
Jrn V2 V 2 e 

= h + I 2 + h, 

J= f -D k bD k ((— + b)div{lmz))--D k bD k ((— + b)Re(z,z)) 
J r n \ e J 2 \ e J 



D k bD k (^(^ + b)b 



J1 + J2 + J3, 



and 



K = - I (1 + 4=6) ( div(Imz) + ^Re(z, z) + —ft) • D k z. 
Jrn V2 V 2 e / 
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Step 1: estimate for I\. 
Integrating by parts in I\, then inserting (14. ip we find 



h = - I (1 + -^=b)VD k z : VD k z - -^V6 ■ (D k z • VD k z) 

= - [ (1 + -^=b)\VD k z\ 2 + f (I + -^b)lmz ■ (D k z ■ VD k z) 
Jr n V2 Jrn y/2 

<- [ (l + ^=b)\VD k z\ 2 + [ (l + ^=b) 1 / 2 \Imz\\D k z\(l + ^=b) 1 / 2 \VD k z\. 
M ^2 Jrn ^2 ^2 

Applying Young inequality to the second term in the right-hand side, we obtain 

h<-\( (1 + 4=&)|VD**| a + ~ ! (I + -^&)|Lw| 2 |I^| 2 , 
2 Jrn a/2 ^ y K ,v V2 

so finally 

h<-\l (l + -U)|V J D fe 2| 2 + C(l + ^ll^pm^N^. 

Step 2: estimate for I2. 
Expanding I2 thanks to Leibniz formula, we obtain 

h= f (l + ^=b)D k z-D k (i(z,Vz)) 
Jr n V2 

= / (l + ^=b)D k z.i(z,VD k z) + f^Cl [ (l + ^=b)D k z-i(D k -iz,Di(Vz)). 
Jrk V2 r^J Jrn V2 

Applying then Young inequality to the first term in the right-hand side, we infer that 
h<\ [ (l + ^IV^ + CCl+ellftHoeJIIzllillzll^ 

4 Jrn a/2 
fc-1 

+CV| / (l + -^b)D k z-i(D k - j z,D j (Vz)) . 
I Jm y/2 

For each < j < k — 1, we apply first Cauchy-Schwarz, then Gagliardo-Nirenberg (see Lemma 
17.41 in the appendix) inequalities. This yields 

f (1 + ^=b)D k z ■ i(D k -Jz,Di(X7z)) < C(l + e||6|| 0O )||D fc z|| £3 |||£) fc -^||iy(V«)||U a 
Jr n V2 

<C(1 + E||6|| 00 )||Z> fc z|| Ji 2p^|| 

and we are led to 

h<\ I (l + ^=6)|V J D fc z| 2 + C7(l + e||6|| 00 )(||z|| 2 + ||^||oo)lkl| 2 , fc . 

4 Jrn a/2 

Step 3: estimate for I3. 
Since D k Vb € we have by definition of the complex product 

I 3 = f (i + I^b)—D k z-iD k Vb=f (l + ^b)—D k lmz-D k Vb. 

Jrn V2 £ Jrn a/2 e 
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Inserting first (14. ip and using then Leibniz formula we get 
2 



I (1 + ^=b)D k Imz- D k ((l + ^=b)Imz) 

k 

= "4/ (1 + 4^) 2 |^W-^E^/ (l + ^^Im.-^a + ^^Imz). 
e jr^ V2 e r-J jrJv V2 a/2 

Now, we observe that for each j > 1, we have 

Consequently, applying Young inequality to each term of the sum we find 

k 



k - j lmz\ 2 



h<~\ I {l + ^b) 2 \D k lmz\ 2 +Cy [ \D j bD 

and we finally infer from Gagliardo-Nirenberg inequality that 

h<C (\\b\H + l|Im^|| 2 0O ) ll(M)||^- 



Step 4: estimate for Ji. 
A short calculation using (|4.ip yields 

Ji = - [ D k b D k ({— + 6)div(Imz) N 
Jrn v e ' 

= -/ D k bD k div((— +b)lmz) + [ D k bD k (Vb • Im z) 

Jk n ^ £ ' Jr^ 

= / D k bD k div(Vb) + / D k bD k (Vb ■ Im 

JRJV JR^ 

After integrating by parts in the first term in the right-hand side and expanding the second 
term by means of Leibniz formula we obtain 

k 

Ji = - f \VD k b\ 2 + / D k b (D k Vb) -Imz + y^Cl [ D k b (Z^Vfe) • D j lmz. 

JrN J R N J R N 

Next, combining Young, Cauchy-Schwarz and Gagliardo-Nirenberg inequalities we find 
Ji<-\( \^D k b\ 2 + CHlmzO&ll^ + C\\b\\ Hk (HVfelloo + \\Dz\U ||(Mllff*, 



so that 



Jx<-\ I |V J D fe 6| 2 + C(||Im^||L + ||(V&,2?z)||oo)||(M)6» 
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Step 5: estimate for 
Similarly, we compute thanks to Leibniz formula 

J 2 = -\f D k bD k ((^ + b)Re(z,z)) 

/— k 

= -- f D k b(— + b)D k (Re{z,z)) + -ircl[ D k bD^bD k ^ (Re(; 
2 Jrn e 2 t=t RN 

= l — I D k bD k (Re{z,z)) -- [ bD k bD k (Re(z,z)) 

ey/2 Jrn 2 J r n 

+ \yC{l D k bDibD k -i(Re(z,z)). 

Invoking Young and Cauchy-Schwarz inequalities, we obtain 
J2<^[ |^6| 2 + C||(z,z)||^ 

k 

+ G(l|fe||oo||6||^||(z,z)||^ + ||6||^^||^6^(z,z)|| L2 ), 

i=i 

so that by virtue of Lemma \7A\ 



J2<~ 2 \ |D fc 6| 2 + C||(6,z)||L||(6,.)||^.. 



Step 6: estimate for J3. 
We have 



Js = -^[ D k bD k (bC^ + b) 

e J r n \ e j 

= --l \D k b\ 2 f D k bD k {b 2 ), 

e Jm e Jr n 



so, thanks to Cauchy-Schwarz inequality and Lemma EU 

h<~-J |^6| 2 + -||6||oo||6||^. 

Step 7: estimate for K. 
We readily obtain 

1*1 < C(l + e || 6 || 00 )(H» + \\Dz\U + 11*11*,) \\zf Hk . 
Gathering the previous steps we obtain 



^r k (b,z) + ^r k +\b,z) + ^r k (b,o) 

< C(l +e||6|| 00 )(K(||(6,z)|| 2 + e- 1 ||6||oo) + || CStyifcOllooJlKM) III 



DAMPED WAVE DYNAMICS FOR A GL EQUATION WITH LOW DISSIPATION 15 

holding for any 1 < k < s. Following step by step the previous computations we readily check 
that it also holds for k = 0. Finally, we have by assumption 

\<l + ^<\ on [0,T ]xR N , 

from which we infer that \\(b,z)\\ 2 Hk < CT k (b,z) for all < k < s. Therefore the proof of 
Proposition 12.21 is complete. □ 

4.4. Proof of Proposition [2T3l To show the first inequality we add the inequalities obtained 
in Proposition 12.21 for k varying from 1 to s. Since 1/2 < 1 + eb/y/2 < 3/2, this yields 

j t \\(b,z)\\ 2 H s < cm&Hoo + *II(MIIL + IIP^IWIKM)^ 

< C(v e \\b\\oo + (kII(M)Hh. + l)\\(b,z)\\ H .)\\(b,z)\\ 2 H .- 
After integrating on [0, T] and using Cauchy-Schwarz inequality this leads to 

[KMC*. < ll(M)(o)[|k 

+C\\( b ^ z )\\L^(H^^e\\b\\ L 2 T (L^)\\( b ^ z )\\lI(H") + («II(6,«)Hl5?(H«) + 1) II (P, *) H^,(H«) y 

for all T G [0, To]. Considering the supremum over T £ [0,t] and applying Young inequality 
in the right-hand-side we find the result. 

Finally the second inequality in Proposition 12.31 is obtained by integrating on [0, t] and 
using Sobolev and Cauchy-Schwarz inequalities. □ 

5. Proof of Proposition I2.4L 

In this paragraph again, C refers to a constant depending only on s and ./V and possibly 
changing from a line to another. 

First, we formulate System (|2.3[) - (j2.4[) with second members involving only b and z. By the 
same computations as those in Paragraph 14.21 we find 



d t b + — dm; + -^b - K Ab = f(b, z) 

%/2 £ e 

d t v + — V6 - kAv —VAb = g(b, z) 

£ V 2 



(5.1) 



where / = / and g = g -=V Ab are defined by 

\/2 



f(b,z) = u £ (--^(1 + 7f 6 )l z l 2 " ^) " div(6Rez) 

g(b, z) = —KV(Rez ■ Imz) H — ^=Vdiv(6Imz) VKe(z, z). 

v 2 2 



(5.2) 



5.1. Some notations and preliminary results. As in [2], we symmetrize System (|5.ip by 
introducing the new functions 

J2 



2 

and 



c = (1 - — A) 1//2 6, d = {-Ay^divv, 



s 2 



F=(l-l-A) 1 /2 / , G=(-A)- 1 /2 div5 . 
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We remark that, knowing d, one can retrieve v since v is a gradient. We have 

' dtC + ^l c - kAc + — (-A) 1 / 2 (l - -Afl 2 d = F 

e e 2 (5_3) 

9 t d — kAo! — ^-^(— A) 1 / 2 (l — — A) 1 / 2 c = G. 

£ 2 

In the following, we denote by £ G the Fourier variable, by / the Fourier transform of 
/ and by J 7-1 the inverse Fourier transform. 

In view of the definition of (c, d), it is useful to introduce the frequency threshold |£| ~ £~ 1 . 
More precisely, let us fix some R > and let x denote the characteristic function on B(0,R). 
For / G L 2 (M Ar ), we define the low and high frequencies parts of / 

f l= F- l ( X {ei)f) and f h = T' x ((1 - X H))f) , 

so that fi and fh are supported in {|£| < R^ 1 } and {|£| > i?e -1 } respectively. 

Lemma 5.1. There exists C = C(s,N,R) > suc/i that the following holds for allO < m < s 
and t E [0, Tq] : 



\\g{t)\\ Hm « \\G(t)\\ H ™, \\fi{t)\\ H m » ||Fj(t)|| H m and ||(eV/) h (i;||Hm ~ H^WHi?™- 
In addition, 

\\v(t)\\ H ™~\\d{t)\\ H m, \\h(t)\\ H ™ ~ \\ci{t)\\ H ™ and \\(£Vb) h {t)\\ H ™ ~ \\c h (t)\\ Hm . 
Finally, 

\\(b,z)(t)\\ H m « ||(M/WIIh™ + ||(eV6,«) ft (t)||fl».. 

ifere we /iai>e sei /or /i, /2 G H m 

~ ||/2 ||i2™ i/and on/y ?/ C^H/iH^m < ||/ 2 [|ir»» < C\\fi\\ H ™- 

Proof For the first two statements it suffices to consider the Fourier transforms of the func- 
tions and to use their support properties. The last statement is already established in [2], 
Lemma 1. □ 

Lemma l5.ll guarantees that for < m < s, 

\\(b,vXt)\\ H ™+e\\bmH™+i~Kb,z)(t)\\ H rn and z)(t)\\ H m « ||(c, d)(t)\\ H ™, (5.4) 

therefore we have ||(c, c?)(0)||#s < CMq, where Mq is defined in Theorem ll.il 
On the other side, when s — 1 > N/2, Sobolev embedding yields 

\\kmoo <c\\b l mH^<c\\c i (t)\\ B .- 1 

and 

\\b h (t)\\oo < C||6 fc (t)|| H .-i < C\\(eVb) h (t)\\ H .-i < C||c ft (*)|| H .-i. 

Therefore it suffices to establish the first inequality of Proposition 12.41 for ||(c, d)||£2( ffS ) and 
the second inequality for ||c|| L 2^ s -i). 

Next, we have 
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where 

/ 9 + p2| A |2 Mf9^ 2 l£l 2 W2 N 



M(f) = ^ 



V 



Ifl/V, , ,2ie|2xl/2 p 2|e|2 



By Duhamel formula we have 

M)(U) = e- tM ^M)(0,0 + f e-^ M ^{F^G){T,Odr. 

Jo 

Our next result, which is proved in the appendix, establishes pointwise estimates for e~ tM ^ . 

Lemma 5.2. There exist positive numbers kq, r, c and C such that for all (a,b) G C 2 , we 
have for < e < 1, k < kq and t > 

(1) // |f | < ri/ B t/ien 



|e-* M(?) (a,6)| < Cexp(-i/ £ e|e| 2 t) 
(2) // |f | > ru £ then 



exp (-^t) (|a| + |6|) + exp (-^*) O^ICIM + l&l) 



' i? ^(a,6)| < Cexp ( _Ml±fW) t ) ()a | + 



2e 

Here for A = (a,b) £ C 2 we have set \ A\ = \a\ + 

Lemma 15.21 reveals the new frequency threshold |f| ~ v e . We may choose R > r, so that 
rv e < Re' 1 . We are therefore led to split the frequency space into three regions 

R N = Tlx UK 2 L>K 3 , 

where 

• IZi = {|f | < rv^\ denotes the low frequencies region, in which the semi-group is composed 
of a parabolic part (exp(— {y e e)~ x \^ \ 2 t)), and a damping part (exp(— u e e t)). 

• TZ 2 = {rv e < If I < Re -1 } denotes the intermediate frequencies region, in which the damp- 
ing effect exp(— v £ e^ 1 t) is prevalent with respect to the parabolic contribution exp(— u e e\£ \ 2 t). 

• 7^3 = {|f | > Re' 1 } denotes the high frequencies region, in which the parabolic contribu- 
tion is strong and dominates the damping. 

With respect to this decomposition we introduce the small, intermediate and high frequen- 
cies parts of / G L 2 (R N ) as follows 

fs = F~ \X\Z\<rv e f)i fm = J 7 " 1 (Xrv £ <\£\<R£--t f) and f h = ^~ (X\^>R£- 1 f): 

where xe denotes the characteristic function on the set E. Note that we have 

/ = fs + fm + fh = fl + fh- 

5.2. Proof of Proposition 12.41 We first introduce some notations. Let 

L(b,z)(t) = ||(1 + eb(t))\z(t)\ 2 \\ H s + ||6 2 (t)||^ + \\b(t)z{t)\\ H . + \\(z,z)(t)\\ H s. 

Next, we sort the terms in the definitions of f(b, z) and g(b, z) in System (|5.2p as follows. We 
set 

f(b,z) = u s fo(b,z) + h(b,z) 

and 

g(b, z) = gi{b, z) + eg 2 (b, z) = Vh (b, z) + eVhi(b, z), 
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where the subscript j = 0, 1, 2 denotes the order of the derivative, so that 

'f (b,z) = --L(l + ^=b)\z\ 2 -V2b 2 
J x {b,z) = -div(6Rez) 
and 

' gi{b,z) = -KV(Rez ■ Imz) -l/2VRe(z,z) =Vh (b,z) 
g 2 (b,z) = -pVdiv(Mmz) = Vhi(b,z). 

The proof of Proposition 12.41 relies on several lemmas which we present now separately. 
Lemma 5.3. Under the assumptions of Proposition \2.J\ we have for T 6 [0, To] 



C- 1 ||(c ) d) s ||^ (HS) <^2 max(1 ^-l )Mo+£ || L(b)2;) || i ., +«1/2[|L( M 



Proof. By virtue of Lemma 15.21 we have 

\M s (t,o\<c(i(t,o + j(t,d), 



i . 



where 



and 



1(1. i) - e-^\(c,d) s (0,0\+ fe-^-^KF.Ojr.nldr 



.01 + I 

Jo 



J(t,0 = e-^ t \(\£W- 1 c s (0),d s (0))\+ [\-^ t - T) \(\£\v- 1 F s ,G s )\dT 

Jo 

= J L (t,0 + JNL{t,0- 

We set I = T- l l and J = F~ l J, so that \\(c,d) s \\ L ^ HS) < C(||/|| X 2 (fr .j + \\J\\ L ^(H 3 ))- 

First step: estimate for ||/||j^2 (h 3 )- 
Invoking Lemma 17.31 we obtain 

UWlUhs) < Cds^^W^dUO^Hs +eu- 1 \\(f,g) 8 \\ LUH . ) ). 

Let h 6 H s . We observe that thanks to the support properties of h s , we have 

\\D k h s \\ H s <C^\\h s \\ H s, keN. 
Applying this inequality to the higher order derivatives fi , g\ and g 2 , we see that 

\\(f,9Ut)\\ H s < C(v £ + ev 2 £ )L(b,z)(t) < Cv e L(b,z){t), 
and we conclude that 

ll^ll^(^) <C((e^ 1 ) 1/2 Mo + e ||L(6,z)|| L 2). (5.5) 

Second step: estimate for ||J||x 2 (#")■ 
We have 

\\ j \\l 2 t {hs) < C{\\Jl\\l%{h s ) + \\ j nl\\l 2 t (H 3 ))- 
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For the linear term we obtain 

II^IL|(^) < ||(1 + \H\ s )e-— t (\tiK 1 \cs(0)\ + \d s (0)\)\\ LUL2) 

< c|| ( i + me—'m^icsm + irVWDiL^) 

c |£|2 

< CmaxOL^IKl + \t\ s )e~— ^1(1^(0)1 + |^(0)|)||^ (i2) , 
because (i(0) = — 2(— A) 1//2 (/?(0). By virtue of Lemma 17. II in the appendix, this yields 
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\\JL\\ L%m < CmaxCl,^ 1 )^) 1 /^^, 
On the other side, Lemma 15 . 1 1 yields 



\\JnlWlUh*) 



< 



c|f|' 



(l + \H\°)e- — 



< 



■ 



(i + i^ire-— 



H s + 



(t-r) , 



(t-r) i 



i(0)||h«) < Cmax(l,^ 1 )K 1/2 M . 



l^lF.I + IG^dT 

k-'l/.l + lp-l)^ 



L%(I?) 



Inserting the expressions / = v £ fo + f\ and g = V/io + sVfoi we obtain 



(t-r) 



(l+mo^-Ui + i&iK 



L2(L2) 



< 



+ 



/V^-^i 2 (i+ mc^ier'i/ii+sier 1 !^!)^ 

JO 



L2(L2) 



* e|g| 2 



(t-r) 



iei(i + ier)(i/oi + N)dr 



L2(L2) 



First, invoking Lemma 17. 11 we find 



(*-^)|e|2 



I4(L2) 



< Ce^" 1 + e)||(l + m(\b^z\ + \bteTz\)\\ L 2 



< Cev e (y e 1 + e)\\b-z\\ JJ ».( H . ) 
<Cs\\L(b,z)\\ Ll . 
Next, we infer from Lemma 17.21 in the appendix that 



* c||| 2 



(t-r) 



\m + \i\ s ){\h\ + \h \)dr 



L 2 T (L 2 ) 



^CCe^lKl + l^d/ol + lfcoDH^) 

Gathering the previous steps and noticing that (ez^ 1 ) 1 / 2 < k 1 / 2 max(l,^ 1 ), we conclude 
the proof of the lemma. □ 



Lemma 5.4. Under the assumptions of Proposition \2.4\ we have for T € [0, To] 

C- 1 ( \\(c,d) m \\ LUHs) + \\(c,d) h \\ LUHB) ) < (eu-^Mo + (e + v-^WL&z)^. 
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Proof. We divide the proof into several steps. 

First step: intermediate frequencies rv e < |£| < Re~ l . 
Another application of Lemma 15.21 yields 

\M m (t,0\<Ce-^\^d) m (0,0\+C f e-%^\{F^G) m {T,0\dT, 

Jo 

whence, according to Lemma 17.31 

\\(c,d) m \\ LUHs) < C(ei/- 1 ) 1 / 2 ||( C ,d)(0)||H. +Cev- 1 \\(F,G) m \\ L 2 TiHs) . 

Let us set 

(F, C)m — A m ~\~ B m , 

where A m and B m G L^(H S x H s ), to be determined later on, are such that A m (t,-) and 
B m (t,-) are compactly supported in (JZi UIZ2 = {|£| < -Re -1 }) . Owing to these support 
properties we find 

\\{F-,G) m \\ L ^ H s- ) < \\Am\\ L 2 ( Ha ) + \\B m \\ L 2 < C(e || An II 1,2,(^-1) + e 2 [|B m [|£,2 ( ffs -2)), 
so finally 

OIMUIl^) < (^r 1 ) 1/2 M) + i'r 1 (IIA n ||24(H.-i)+e~ 1 ||Bm||i4(ff.-3}). (5.6) 
Second step: high frequencies |£| > Re' 1 . 

J. 

For the high frequencies we neglect the contribution of the damping e~2F and only take the 
contribution of e~ Ue£ ^ * into account. Exploiting again Lemma 15.21 we have 

< Ce-^l 2 *|p) ft (0,C)| + C /'e-^l«l a <*- T J|(^ fc (r,0|dr 

j 

< Ce|C|e-^l 2t |M),(0,e)| + C /V^I 2 ^)|(l^(T,0|dT, 

JO 

where the second inequality is due to the fact that 1 < Ce\£\ on the support of (c,d) h . By 
virtue of Lemma 17.11 we obtain 

< C7((ei/r 1 ) 1 /2][( C) d) fc (0)[| JT . + (^e)- 1 [|( J F J G)fc|| £3 , (ff .- 2) ). (5.7) 

As in the first step, we set 

(F,G) h =A h + B h , 

where Ah and Bh G Lj^-fP -1 x H s ~ l ) will be set in such a way that A(*> •) and •) are 
supported in the region (7^3 = {|£| > Re' 1 }) . Thanks to these support properties we can 
save one factor e to the detriment of one derivative : 

\{Fi G )h\L\{p*-*) - IIA|Il2 i(//s -2) + 11^11^(^-2) < C^IIAILa^-i) + II#/i|Il2 (h— 2))- 

Therefore in view of (j5.7|) we are led to 

C-'llM^lli^) < (eO 1/a M + i/r 1 (||A l || i4( H.-i)+e- 1 ||B h || i5 , (H .- 3) ). (5.8) 

Third step. 

The last step consists in choosing suitable A and B. We recall that 

(F, G) = ((1 - 2~ VA) 1 / 2 /, (-A) 1 /2 div5 ), 
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and 

f(b,z) = v e f (b,z) +fx(b,z), g(b,z) = gi (b,z) + eg 2 {b,z). 
Now, for the intermediate frequencies we define 

U m = ((1 - 2- 1 £ 2 A) 1 /2 /m , (-A)- 1 /2 div ( 5l)m ) 

\B m = (0,e(-A)- 1 /2 d i v ( ff2 ) m ), 

and for the high frequencies 

f A h = {Ml - 2- 1 e 2 A) 1 /2 (/o) , ; (_A)- 1 /2 d iv( 5l )h) 
\B h = ((l-2- 1 e 2 A) 1 /2 (/l)/i)£( _A)-i/2 div(52)/i ). 

Clearly „4 m + B m = (F, G) m and Ah + Bh = (F, G%. Moreover, we readily check that 

IIAnlliJ-s-i ~ ll(/,Sl)m||ff*-i and HAH/p-i ~ f , gx) h \\ HS -i (5.9) 

and 

\\B m \\ H s-2 e\\(g 2 ) m \\Hs-2 and \\B h \\ H s-2 \\(eV fi,eg 2 ) h \\ H s-2. (5.10) 
On the one hand we have 

||<7i||fl-«-i + Usallfl-s-a < C(\\z ■ z\\h s + \\blraz\\H s ) < CL(b, z). (5.11) 

On the other hand, the support properties of (/o) m imply that 

ll(/o)m||H»-i < £min(l,i/~ 1 )||(/o) m || jf /s, 

so that 

ll/mlli^-i < I/ e[|(/o)m||ff<'-i + l|(/l)m||^-i < C(|| (/o)m||i2" s + II (fl)m ||/p>-i ), 
and finally 

||/m||jf.-i < CL(b,z). (5.12) 

Arguing similarly we obtain 

Ve\\(eVfo) h \\ Hs -i < Cu e e\\f \\ H s < CL(b,z) (5.13) 

and 

\\(eVh) h \\ H s-2 < £\\h\\ H s-i < CeL(b,z). (5.14) 
We infer from ([53]) . (l5ll]l . (l5J2]l and (15TT3D that 

ll-^m ||_H" a_1 + Mh||ff»-i <CL(b,z). (5.15) 
Moreover (|5TTU]l . (|5TTT|l and (15TT41 yield 

||B TO || H .- a + \\B h \\ H s-2 < CeL(b, z), (5.16) 
so that the conclusion of Lemma 15.41 finally follows from (j5.6j) , ()5.8[) , (|5.15p and (|5.16p . □ 

Next, in order to establish the second part of Proposition 12. 41 involving the norm ||£>||l2(£oo), 
we show the following analogs of Lemmas 15.31 and 15.41 involving ||c||^2^ s -i). 

Lemma 5.5. Under the assumptions of Proposition \2.J\ we have for T E [0, To] 

C-'IIcII^h.-ij < (ez^y^Mo + emaxtLz^llLtMII^- 
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Proof. We closely follow the proofs of Lemmas 15.31 and 15.41 handling again the regions 1Z\ , 
IZ2 and IZ3 separately. 

First step: low frequencies |£| < rv e . 
For low frequencies one may even improve the estimates given by Lemma I5.2I for the semi- 
group acting on c. Indeed, according to identity (17. ip stated in the proof of Lemma HT2| we 
get the bound 

\c s (t,o\ <c(i(t,o + J(t,0), 

where 

= e-^|M) s (0,£)|+ f e-^--)\(F~G){T,t)\dT 

Jo 

and 

J(t,O = e-^ t \m 2 ^ 2 c s ,\^ 1 d s )(0)\ + f\-^ t -^m 2 v- 2 X\^ 1 G s )\dr 

Jo 

= J L (t,Q + J NL (t,0- 

Here again we set / = J 7-1 / and J = J-~ 1 J. In view of the first step in the proof of Lemma 
15.31 (see (|5.5p ) we already know that 

II^IIl^) < Cdeu-^Mo + e\\L(b, z) ) . 

Next, since l^l^ 1 < r we have 



(L 2 ) 



< c^ i \\e-— t \m + icr'mm + k(o)dii^ 2) 

< Cv~\ev £ ) l l 2 M , 



where the last inequality is a consequence of Lemma 17.11 
On the other side we have 



NL\\L 2 T (H"- 1 ) 



< c 


L 




(t-T), 


< CuJ 2 










Jo 




+ Cu- 1 


f'~ 


£ii£ (t _ 






Jo 





-l\/-|/-|2..-2i 



L2(L2) 



"^lepci+i^r 1 )^-!^ 



Applying Lemma 17. II to each term we obtain 



\\Jnl\\l 2 t (H*- 1 ) < C(v £ ev e \\F s \\ L 2 T ^ H s-i) + u £ ev £ \\D G s \\ L ^ Hs -i^) 
<Ce||L(6,z)||^. 

We have used the support properties of f s in the last inequality above. 
Finally, we gather the previous inequalities to find 



c 1 II c sIIl2,(^- 1 ) 



i) < (£^- 1 ) 1/2 M + e\\L{b,z) 



\L\- 



(5.17) 
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Second step: intermediate frequencies rv e < |£| < Re~ x . 
In contrast with the previous step, we may here imitate the first step of the proof of Lemma 
15, 4| estimating the H s ~ x norm instead : 

IICmllL^/p-i) < ||(c,d) m ||i4(fl-s-i) < C ((s^ 1 ) 1/2 1| (c, d) (0) || H s-i + EV~ X || (F, G) m || £ a (H .-i)) ■ 

Recalling that (F,G) m = A m + B m , where .A m and i3 m are compactly supported in the region 
{|£| < Re' 1 }, we obtain 

|| G) m ll^^s-i) < ||An||x2 (H'- 1 ) + ll^m||l,2(H*-i) - II An|| £ 2 (ff 8 " 1 ) + C £ 1 ll#m lli| (H s " 2 ) ■ 
In view of the third step of the proof of Lemma 15.41 (see (|5.15p and (|5.16p ) we get 

\\(F,G) m \\ Hs -i <CL(b,z) 

and we conclude that 

OlcmlL^-i) < {ev- x ) l l 2 M Q + evJ x \\L{b,z)\\ L *. (5.18) 

Third step: high frequencies |£| > Re~ x . 
With (F,G)h = Ah + Bh we obtain, arguing exactly as in the second step of the proof of 
Lemma |5.4| the analog of (|5.7p : 

< C7((e^ 1 ) 1 / 2 M + (^ £ )- 1 ||(F,G) h ||^ ( ^-3 ) ) 

^^((^-Y^o + i/r 1 II (f,g) h \\ luhs - 2) ) 

<C7(( £I ,- 1 )V 2 M + ^ 1 £ (||A||^(^-i)+^ 1 |l^||^ ( ^ 2) )). 
Hence we infer from estimates (|5.15p and (|5.16p for Ah and Bh that 

C-'Wchh^H*-!) < (eu-^Mo + ev^WLfaz)^. (5.19) 
The conclusion finally follows from estimates (|5.17p . (|5.18p and (|5.19p . □ 

Invoking the previous results we may now complete the 
Proof of Proposition 12.41 

First, Cagliardo-Nirenberg inequality yields 

\\\z\ 2 \\h* + ||6 2 ||^ + \\bz\\ HS + \\{z,z)\\ H s < (711(6,2)110011(6,^)11^ 

and 

\\eb\z\ 2 \\ H s <Ce\\(b,z)\\l\\(b,z)\\ HS , 

so that 

L(b,z)<C(l + e\\(b,z)\U\\(b,z)\U\(b,z)\\ H s. 
By Sobolev embedding and Cauchy-Schwarz inequality we obtain 

||L(6,z)|| L 2 <C(l + e||(6,z)|| i ^ (Hs) )||(6,z)|| i??( ^ ) ||(6,z)||^ (HS) 

and 

\\L(b,z)\\ L i <C(l + E\\(b,z)\\ L¥{HS) )\\(b,z)\\l UHS) . 

Proposition 12.41 finally follows from both estimates above together with Lemmas 15.31 15.41 and 
1531 □ 



We conclude this section with a result that will be needed in the course of the next section. 
We omit the proof, which is a straightforward adaptation of the proof of Lemma 15.51 
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Proposition 5.1. Under the assumptions of Proposition \2^\ we have for all T E [0,To] 

6. Proofs of Theorems 11.11 and 11.31 

6.1. Proof of Theorem 11.11 This paragraph is devoted to the proof of Theorem 11.11 Let 
$°£W| H s+l such that 

*° = Axp(^°) = (1 + -|a°) 1/2 exp(^°), 

where (a , tp°) satisfies the assumptions of Theorem [Til Let ^ G W+CQO, T*), H s+1 ) denote 
the corresponding solution to QC £ D provided by Theorem 13.11 

With c(s,N) denoting a constant corresponding to the Sobolev embedding H S (R N ) C 
L°°(IR Ar ), we first assume that the constant K\{s, N) in Theorem 11.11 satisfies 

Kx(s,N) > V2c(s,N). (6.1) 

Hence 

|||^0|2 __f_||0|| * 

IN* I x lloo — 2' 

so that the assumptions of Corollary 13.11 are satisfied. Let (6, v) be the solution given by 
Corollary 13.11 on [0, To), with Tq < T* maximal. 

We introduce the following control function 

H \P) = KM) (ff«) + —rr 2 — Z]T + , _i u/2 . / fi9 ^ 

At 1 /" 1 max(l, v e ) (ev e yi l (o.2J 

#o = ff(0). 



Note that, according to (|5.4|) we have 

H Q <C x {s,N)M Q and ||(6, w)(t)|| ff . + e||6(*)llff-+i < C M N ) H (t), 

where the constant C\(s,N) depends only on s and N. We recall that Mq is defined in 
Theorem II .11 Increasing possibly the number K\(s,N) introduced in Theorem II .1\ we may 
assume that Ci(s,N) < Ki(s,N). 

We define the stopping time 

T £ = sup{t G [0,T ) such that H(t) < C 2 {s,N)M }, 

where C2(s,N) denotes a constant (to be specified later) satisfying 

C 1 (s,N)<C 2 (s,N)<K 1 (s,N). (6.3) 

We remark that T e > by continuity of 1 1— > H{t). 
We next choose Ko(s,N) in such a way that 

By assumption on Mo, this implies that for k < kq(s,N) 



Ki(s,N) - V2c(s,N)e' 
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In particular, since ||(6, z)(t)||H s < H(t), it follows that 

IH^P^-lIU < i ViG[0,T £ ). (6.5) 

Our next purpose is to show that T £ = Tq = T* = +00. 

First, mollifying possibly (a°,u°) we may asume that (6, z) G C 1 ([0, To), H s+1 ). By (|6.5p . 
Propositions 12.3 1 and 12.41 hold on [0,T e ), so that 

C(s, iV) _1 .ff < # + # 2 ((1 + K-H")Kmax(l, i/" 1 ) 2 + (l + eH) ( K max(l, u' 1 ) 2 + e + v~ l )\ 
< H + H 2 (l + max(e, k)#) (Kinax(l, i/" 1 ) 2 + e + v~ x ). 
Observing that 

Kmax(l, v^ 1 ) 2 + e + v~ < 3(k + vj 1 ), 

we find 

C z (s,N)- l H < H + max(K,u- 1 )H 2 (l + max(e,K)H). 

Here C 3 (s,N) is a constant depending only on s and N, which can be assumed to be larger 
than max(Ci(s, N), 1). On the other side, for t G [0, T e ] we have according to ()6.3f) and by 
assumption on Mq 

max(e, k)H < max(e, k)C2(s, N)Mq < 1, 

so that 

H < 2C 3 {s, N) (Mq + max( K , ly^H 2 ) . (6.6) 



At this stage we may choose the constants 62(5, iV) and K\(s,N) as follows: 

C 2 (s,N) = AC 3 (s,N) and K^s, N) > 16C 3 (s, iV) 2 max(v / 2c(s, N), 1), 



so that all conditions (j6.ip . (|6.3p and (|6.4p are met. 

We now show that T E = Tq: otherwise T £ is finite. Hence, considering (|6.6p at time T £ we 
obtain 

AC 3 (s,N)M < 2C 3 (s,N)(M + 16max( K , v^C^s, N) 2 M 2 ), 

whence 

1 < 16C 3 ( S ,iV) 2 max( K ,^ 1 )M < ^f^/ - 

Ki(s,N) 

By definition of Ki(s, N), this leads to a contradiction, therefore T e = Tq. 

Now, since (|6.5p holds on [0, To), Corollary 13.11 and a standard continuation argument imply 
that Tq = T*. Invoking again (|6.5p we easily show that 

||W(t)||ir. < C(l + ||(M(*)ll^+ix^)> Vt G [0,T*) 
for a constant C. In view of the previous estimates we obtain 

limsup||V*(t)||H s < limsupC(l + H{tf) < 00. 

t^T* t->T* 

We finally conclude that T* = +00 thanks to Theorem 13.11 □ 
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6.2. Proof of Theorem 11.31 We present here the proof of Theorem 11.31 Here again, 
C always stands for a constant depending only on s and N. We define (be,ve)(t,x) = 
(ae,ue)(e~ 1 t,x), where (ag,ug) is the solution to the linear equation (11. 6h with initial datum 
(b°, v°) = (a , u°). Introducing (b, v) = (b — bg, v — vg), we have 

d t b + — divv + - nAb = f(b, z) 

£ £ 

dtv + — Vb - /tAv = g(b, z) + -^=VAb. 
£ V 2 

The proof of Theorem II .31 relies on energy estimates, since the method used in Section [5] is not 
convenient to establish uniform in time estimates. For < k < s we compute by integration 
by parts 



~\\(D k h,D k v)(t)f L2 = [ D k bD k d t h + D k vD k d t v 
2 at J r n 



2 " ' \D k b\ 2 - k I \VD k b\ 2 - k I |VD*vl 2 



+ / D k bD k f(b,z)+ I D k w D k g{b,z) + ^= [ D k vD k VAb. 
Jm Jr n v 2 Jrn 

We recall the decompositions / = u e fo + f\ and g = g\ + £g2 = V/to + eV/ii, where the 
fi,gi,hi,i = 0,1,2, which have been defined in Paragraph 15. 2| are z-order derivatives of 
quadratic functions in (b,z). We obtain 

±±\\(D k b,D k v)(t)\\l 2 <I+J + K, 



where 



2,7 ' \D k b\ 2 + u E I D k bD k f (b,z) 



J= I D k bD k f 1 (b,z) + I D k vD k 9l (b,z), 

JR N JR N 

K = -k[ \VD k v\ 2 + ef D k vD k g 2 (b,z) + ^= [ D k vD k VAb. 

Jr n Jr n V2 Jr n 

Estimates for / and J. 

By virtue of Lemma 17.41 and by Sobolev embedding we find 

/<-- / \D k b\ 2 + Cev £ I |^/o| 2 <C K ||/o||^ fc <C«[|(6^)||^.. 
e Jr n Jr n 

Next, Cauchy-Schwarz inequality yields 

J< [|( J D*l>,£>*v)[|^[|C/i.«i)ll^ <cr[|( J D*l>,£>*v)]| 1 ^||(6 iar )]|J rW . 
Estimate for K. 

We perform an integration by parts in the last two integrals and insert the fact that g 2 
V/ii to obtain 

K = -k I \VD k v\ 2 - £ [ divD k vD k h 1 - A= I divD k vD k Ab 



V2 

, , , , . 7 

4 Jrn K J r n K J R iv 



<-- [ \VD k v\ 2 + C-f \D k h 1 \ 2 + - [ \ £ AD k b\ 2 . 
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First, by virtue of Cagliardo and Sobolev inequalities we have 

\\D k h x \\ L , < C\\(b,z)\U\(b,z)\\ Hk+ i < C\\(b,z)\\ H s\\(b,z)\\ Hk+1 . 

Therefore: 

• IfO<A:<s-2we find 

^<c^-V(||(MII^ + IN?p)- 

• If k = s — 1 we observe that \\eAD k b\\ L 2 < C\\c\\h s , where c = (1 — e 2 A/2) 1 / 2 b is defined 
in the beginning of Section [5j So we find 

K<CK- l {e 2 \\(b,z)\\ A H s + \\c\\ 2 H3 ). 

• If k = s, similar arguments using that ||eAD fe 6||/,2 < C||c||#«+i < C\\(b, z)\\h*+i (see 
(Q|> ) yield 

Integrating the previous estimates for /, J and K on [0, £] we find: 

• If0<fc<s-2, 

\\(D k b,D k v)(t)f L2 <C f\\{D k h, D k v)\\ L 4{b,z)\\ 2 Hs dT 



-VC I [{K + K-h 2 )\\{b,z)\\%s+K- l E 2 \\{b,z)f H s)dT. 



Appyling Young inequality to the first term in the right-hand side we infer that 
C- l \\(D k h,D k v)\\ 2 LXIT2 , < \\(b,z)\\i 



, (L 2) < \\(b,z)\\ L 2 (Hs) 
+(k+«- 1 £ 2 ) || (6, 2:) [|i r II (6, || ^ ? (i;fs) + /c- 1 ^ 2 1| (&, 2) - 

• Similarly, if k = s — 1 we have 

C- 1 ||( J D fe b )J D fc v)||| r(L2) <||(&^)||i ?(ifs) 

+ (K+K~ 1 e 2 )\\{b, z)\\ 2 L ^ {Hs) \\(b, z)\\ 2 L 2 [H3) + «" 1 ||c|| 2 2(HS) . 

• If k = s then 

C-'WiD^D^Wl^ < ||(M)||^ S+1) 

\\(b,z)\\ 2 LHH3) + K- 1 {l+e 2 \\(b )\\(b,z)\\ 2 LUHs+iy 



(6.7) 



(6.9) 



Proof of the uniform in time comparison estimates in Theorem 11.31 

We control each term in the right-hand sides in (16. 7h . (]6.8p and (I6.9D by means of the various 
estimates established in the previous sections. We recall that the control function H(t), 
which is defined in (16. 2|) . satisfies H(t) < CMq. This controls the quantities || (6, ^) 
and ||(6, 2) || £«>(#») i n terms of Mq. We use Proposition 15. II to estimate HcH^a^a). Finally, to 
control ||(6, z)\\ L 2f HS +i^ we rely on the second inequality in Proposition 12.31 Straightforward 
computations then lead to the uniform comparison estimates in Theorem 11.31 

Proof of the time dependent comparison estimates in Theorem 11.31 

We go back to the previous energy estimates. 

• If < k < s — 2 we apply Cauchy-Schwarz inequality in (|6.7p to obtain 

C- l \\(D k h,D k v)\\l nL2) < i||(6^)||l ?(ifs) ||(6, Z )||2 ?{HS) 

+ *(« + « _1 £ 2 )IK&, 2)lli r(H .) + tK- l e 2 \\(b, z)\\ 2 LT{Ha) . 



2 s 
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• If k = s — 1 we similarly infer from (16. 8p 

c-i(z? fc b,z?Mlli r (L 2 )<*ll^^lli r (^)ll(^^)lli ? (^) 

Using that H(t) < CMq, the assumptions on Mq as well as the fact that (a £ ,u £ )(t) = 
(b £ ,v £ )(et) we are led to the desired estimates. We omit the details. □ 

7. Appendix. 

In this appendix we gather some helpful results. 

7.1. Some parabolic estimates and useful tools. The following result is an immediate 
consequence of maximal regularity for the heat operator e* A . We refer to [8] for further details. 



Lemma 7.1. There exists C > such that for all A > 0, ao £ L 



2(TB>N\ 



a = a(s) € L 2 



and T > 



a 0llL2(iji) < -y^ll«0||L2 



C 



and 



A 



,A(t-s)A 



a(s) ds 



< -r a 



t;II"IIl|,(l2)- 



We also have the following 
Lemma 7.2. There exists C > suc/i i/ioi /or a// A > and H £ L 2 ( 



X(t-s)A H(s) ds 



< 



c 



r 



L2 



^(ff 1 ) \/X Jo 

Proof. We may assume that H is smooth, compactly supported, and that the function u{t) 
Jq e x ^~ s ^H(s) ds is the smooth solution to 

d t u - AAu = H and u(0) = 0. 

We infer that 

12 - / uH-X [ 

Jr n Jul* 

so that 

A||Vii|| 2 2 < C / / \u\\H\dtdx<C sup ||u(t)||z,2 ||i?||^i ^2\. 
t( ' Jo Jm. n te[o,T] T 

But u(0) = 0, therefore we also have ||u(i)|| 2 2 < C f f \uH\. This yields 



- — II 

2di" U 



\Vu\ 2 , 



sup \\u(t)\\ L2 <C\\H\\ Ll 
*e[o,T] 



and the conclusion follows. 



Lemma 7.3. There exists C > suc/i that for all A > 0, ao 6 L 2 , a G L 2 ( 
T > 

-At, - - C 



□ 

x R N ) and 



< "~ao\\L 2 T < 7y^ll«0||L2 



and 



- -II 



DAMPED WAVE DYNAMICS FOR A GL EQUATION WITH LOW DISSIPATION 



29 



Proof. We only establish the second estimate. We set a(s) = a(s) for s £ [0, T] and a = for 
s <£ [0,T], so that 



- x( ^ t - s '>a(s)ds 



< 



e ' * II«(-)IIl2(r^)IIz, 2 



By Young inequality for the convolution, we then have 



x ^a(s)ds <C|| e - A -|| Ll ||a|| L2(R+>L2) . 



We conclude by definition of a. 



□ 



We conclude this paragraph with the following result, which is a consequence of Gagliardo- 
Nirenberg inequality. 

Lemma 7.4 (see [2J, Lemma 3). Let k £ N and j € {0, ...,&}. There exists a constant 
C(k, N) such that 

\\D j uD k - j v\\ L 2 < C{k,N) f |M|oo||-D*u[|ia + |M|oo||£> fc «|| L 2 



||m>|lif* < C(fc, N) (\\u\\oo\\v\\ H k + [|«[|oo[|w||ff*) • 

7.2. Proof of Lemma 15.21 In all the following C denotes a numerical constant. In order to 
simplify the notations we introduce the quantities 



w = e 2 |£| 2 and fi = —\£\y/2 + u, 



and we express M as follows 



First we compute the eigenvalues Ai and A2 of M. Setting 

A = 1 - M 2 , 

we have 

\ x = ^{u + l-yfK) and A 2 = + (^A), 

where v^A is yfK if A > and is iV^A if A < 0. Hence M = P~ l DP, where D = diag(Ai , A 2 ) 
and 



P 



-1 



1 



-\i a 
[i 2 - a 2 \ a —fx 

Finally for all (a, b) 6 C 2 we have 



P 



""I, with a = l+VA. 

-a —fj, 



-tM / a 



l„-tD D / a 



P~'e- tu P 



1 / (/i a + a[ib)e ll - {a a + a/j,b)e 



-A 2 t 



bj fi 2 -a 2 \(afm + n 2 b)e~ X2t - (q/xo + a 2 6)e~ Alt 

e -^d+-)t / (/U 2 a + a/ift)e t^ _ {a 2 a + a ^ h)e -tf Vfr 



or equivalently 



e e 



+ 



^A _ e -t^ \/A 



/i 2 — a 2 



ct[ib + /i a 
-Oijxa — a 2 b 



(7.1) 
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First case |£| 2 > 3u 2 /8. 
Then fi 2 > 3/4, hence A < 1/4. We need to examine the following subcases 

• < A < 1/4. 

It follows that \/A = y/A and /i 2 - a 2 = -2(A + y/A), so that 

sinh (t^-VA 



exp(tf VA) - exp(-tf VA) 



/x 2 — a 2 



< 



< C'sinl, ( — 

2e 



where the second inequality is due to the fact that x h-> sinh(x)/x is an increasing function 
on R+. We infer that 



(a,b) < Cexp [~^tj exp (-^j (H + |6|). 
• -1 < A < 0. 

Then ^A = i\/^A and /i 2 - a 2 = -2(A + i\/ z A), therefore 

.2 „,2 



(7.2) 



H~ - a - 1 = 2a/A 2 - A > 2\/^A. 



It follows that 



exp(i^ 1 /^A) - exp(-^^/^A) 



/i 2 — a 2 



< C 



v^A 



< C- 



where in the last inequality we have inserted that | sinxj < x for all x > 0. Since < C and 
|a| < C this yields 



e~' M ^M) < Cexp (-^(1 + w )t) (l + ^i) (|a| + |6|), 



so finally 



• A < -1. 

We have 



e- tM ^(a,b)\ <Cexp(-g(l+a;)i) (|o| + |6|). 



(7.3) 



\fx 2 - a 2 \ = 2V 'A 2 - A > 2|A| > C/i 2 , 
while | a | = \f\ — A = [i. Hence we find 

e-' M ^(a,6)| <Cexp(-^(l + u;)t) (|o| + |6|). 



(7.4) 



Second case |£| 2 < 3^ 2 /8. 
We check that ij 2 < 3(2 + 3k 2 /8)/8, therefore 1/8 < A < 1 whenever k < k = ^8/9- 
Moreover 



In addition, 



C^ 1 <\fi 2 -a 2 \<C, a<C, u<C and a < C^-. 

v e , , /~\~\ v e 1 — A v e u 2 z/ £ n 

— (-1 + VA = — = = — - p = < -C—fi 2 . 

e e 1 + V A e 1 + V A e 



Therefore in view of (|7.1|) 



-tM(e), 



,6) < Cexpf- — (l + w)t) (|a|+|6|)+Cexp(-^t)exp( -^^L t ) ( i^| a | + |6| 



DAMPED WAVE DYNAMICS FOR A GL EQUATION WITH LOW DISSIPATION 



31 



Now, since 



we obtain 



iei s 



1/2 V* 



e- tM ®(a,b)\ < Cexp (~t) (exp (-^t) + exp (-^*)) (^H + |&|) • (7-5) 



Gathering estimates (|7.2|) to (|7.5p and setting r = y 3/8 we are led to the conclusion of 
the Lemma. 

□ 
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